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SOME  WEAK  AMD  STRONG  LAWS  OF  LARGE  NUMBERS  FOR 
RANDOM  VARIABLES 


D 


.0.1  J  -  VALUED 


XIANG  CHEN  WANG,  Jilin  University,  China 
& 

M.  BHASKARA  RAO,  University  of  Sheffield  and  University  of  Pittsburgh 


1.  INTRODUCTION 

Let  D[0,1]  be  the  space  of  all  real-valued  functions 

x  defined  on  the  unit  Interval  [0,1]  that  are  right  continuous 

over  [0,1),  possess  left-hand  limits  at  every  t  In  (0,1]  and 

left  continuous  at  t  ■  1.  0[0,l]  Is  a  linear  space  and  Is  a 

model  for  quite  a  number  of  stochastic  processes  containing  jumps. 

Every  x  In  D[0,lj  is  bounded  and  has  atmost  countably  many 

discontinuities.  D[0,l]  can  be  equipped  with  two  topologies. 

One  topology  { norm  topology)  comes  from  the  norm  INI  on  D[0,l] 

defined  by  ||x||  «  sup  }  x  ( t )  |  for  x  In  ofo.l],  The 

te[0,l] 

Banach  space  (D[0,lj  , | | • | J )  Is  not  separable.  Another  topology 


( Skorokhod  topology)  comes  from  the  Skorokhod  metric  d  on  D  [0 , l]  . 
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(For  the  definition  of  Skorokhod  metric  and  its  properties,  see 
Billingsley  [1,  p.  1  09-153].)  The  metric  space  (0[0,l],  d) 
is  topologically  complete  and  separable,  but  not  a  linear  topological 
space.  For  a  study  of  stochastic* convergence  in  9[0,1]  ,  many  of 

the  classical  techniques  become  inapplicable  when  D[0,l]  is 
equipped  with  either  of  the  two  topologies  described  above.  A 
study  of  topological  convergence  In  D[0,l]  In  either  of  the 
two  topologies  above  would  help  to  pave  a  way  for  a  study  of 
stochastic  convergence  in  0^0, 1J  . 


» 


I 


In  Section  2,  we  examine  some  conditions  under  which 

for  a  given  sequence  x  ,  n>0  In  l[0,l]  ,  (1),  (11)  and  (111) 

n  ~ 

described  below  are  equivalent. 

(I)  x n ,  n>l  converges  to  xQ  pointwlse  on  some  dense 

subset  S  of  [0,1]  ,  l.e.,  11m  *n(t)  "  x0(t)  for  every  t 

in  S . 

(II)  xn,  n>_l  converges  In  the  Skorokhod  topology  to  xq  , 

l.e.,  11m  d(xn,x  )  •  0. 

n-*.«  o 


a 


» 
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(ill)  xn,  n>J  converges  to  xq  in  the  norm  topology,  f.e. 


1  i  m  i  I  x 
_  1  1  n 

n-f® 


0. 


One  of  the  results  in  Section  2  establishes  the 

equivalence  of  (i),  (ii)  and  (ill)  when  the  sequence  x  ,  n>l 

n 

belongs  to  a  compact  convex  subset  (in  the  Skorokhod  topology) 

of  D[0,1]  generalizing  a  result  of  Oaffer  [33..  In  simplistic 

terms,  what  this  result  means  Is  that  If  x^,  n>J  and  the 

convex  hull  of  the  set  x^,  n>_l  are  relatively  compact  in 

-wi  se 

the  Skorokhod  topology  of  0[0,l]  ,  then  the  poi nt^con ver gence 
of  the  sequence  x^,  n>.1  implies  norm  convergence  of  the 
sequence  xfl  ,  n^l . 


Of  primary  Importance,  we  discuss  stochastic  convergence 

In  D[0.1]  In  Section  3.  Let  DfO.l}  be  equipped  with  the  3orel 

o-fleld  8^  generated  by  the  Skorokhod  topology.  Let  (  fi,  8,  P) 

be  a  probability  space.  A  map  X  :  n  D([0,l3  is  said  to  be 

a  random  element  if  X”^(B)  e  8  for  every  B  in  8i  .  X  is 

the  map 

a  random  element  if  and  only  if  .  X(*)(t)  :  n  -*• 


P.,  the  real  line 


is  a  real  random  variable  for  every  t  in  [0,1].  Consequently, 

if  X  and  Y  are  two  random  elements,  then  X  ♦  Y  is  also  a 

random  element.  Also,  If  E|  |  X|  |  <  -  ,  then  EX(«)(t)  is  finite 

for  every  t  In  [0,1],  and  the  function  x(t)  »  EX(.)(t)  for 

t  in  [0,1]  defines  an  element  x  In  f)[0,l]  and  Is  called  the 

expected  value  of  X  ,  denoted  by  EX.  Let  X^,  n>]  be  a  sequence 

random  elements  defined  on  n  taking  values  in  D[0,f]  and 

aRk,  l<k<n,  n>J  be  a  triangular  array  of  real  numbers.  We  seek 

n 

conditions  under  which  the  sequence  r  a  .X  ,  n>l  of  weighted 

k*l  nk  k  “ 

sums  converges  In  probability  (Weak  Law  of  Large  Numbers),  or 

In  the  p-th  mean,  or  a.e.  [P]  (Strong  Law  of  Large  Numbers). 

Of  special  Interest,  we  examine  whether  polntwlse  Weak  Laws  of  Large 

Numbers  would  force  the  validity  of  corresponding  Weak  Laws  of 

Large  Numbers  for  the  given  sequence  of  random  elements  in  0  [0 ,  l]  . 

n 

More  specifically,  we  observe  that  we  have  a  sequence  t  a_ty.(-)(t)  , 

k-1  k 

n>l  of  real  random  variables  and  examine  whether  the  following  two 


statements  are  equivalent. 


(1)  Weak  Law  of  Large  Numbers  holds  for  the  sequence 


l  a  .  X.  (*)(t),  n>  1 
k»l  nk  K 

for  every  t  In  £0*11. 


(1i)  Weak  Law  of  Large  Numbers  holds  for  the  sequence 


E  a  X.  ,  n>1 
k»l  nk  k 


either  In  the  Skorokhod  topology  or  norm  topology 


This  type  of  study  has  been  carried  out  In  the  literature 
for  8-valued  random  variables,  where  B  Is  a  separable  Banach 
space.  See  Taylor  £8]  and  Wang  and  Bhaskara  Rao  £12],  Virtually, 
equivalence  of  (1)  and  (11),  In  this  case.  Is  guaranteed  If  the 
sequence  X^,  n^l  Is  uni formly  compactly  1 s t-order  1 ntegrabl e  , 
l.e.,  given  c  >  0  there  exists  a  compact  subset  K  of  B  such  that 


J 


{X„  e  K'-} 

n 


l|Xn||  dP  <  c 


for  every  n>_l .  The  methods  used  In  this  case  do  not  carry  out 
to  the  space  d£0,1].  It  has  been  felt  that  In  order  to  achieve 


the  equivalence  of  (1)  and  (11)  In  the  setting  of  n£o,l3  -space. 


one  needs  a  stronger  condition  than  uniformly  compactly  lst-order 
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1  n  te  grab  1 1  i  ty  .  Accordingly,  Taylor  and  Daffer  £10,  p.97^.  Introduced 


the  following  condition. 


A  sequence  Xn,  n^1  of  random  elements  In  B[0,l3 
said  to  satisfy  (CT)  condition  if  for  every  e  >  0  there  exists 
a  compact  convex  (in  the  Skorokhod  topology)  subset  K  of  D^O.lJ 


such  that 


s 


c  i|Xnl!  dP  <  e 

(X  e  KC) 

n 

for  every  n>l.  Using  Theorem  3.1  of  this  paper,  one  can  characterize 
this  (CT)  condition.  It  follows  that  X^,  n>_l  satisfies  (CT) 
condition  If  and  only  If  Xn,  n>.l  is  uni formly  convex  ti ght ,  i.e., 

given  c  >  0  there  exists  a  compact  convex  subset  K  of  9  [0,1] 
such  that  P { X n  c  Kc }  <  E  for  every  n>_l  ,  and  Xn  ,  n^l 

Is  uniformly  Integrable.  As  a  consequence,  for  a  sequence  X^,  n>_l 
of  random  elements  In  0[0,l],  it  follows  that  (A)  *«  =  >  (B)  ««*.'  (C) 
in  the  following. 


(A)  (a)  X  ,  n>l  is  uniformly  convex  tight, 
n  ~ 


(b)  Sup  E  |  |  X 
n>  1  1 


<  •  for  some  p  >  1 


(3)  (a)  X  ,  n>J  Is  uniformly  convex  tight. 

(b)  X  ,  n>1  Is  uni  forml  y  doml  na  ted  by  a  real  random 
variable  X.I.e.,  P{||Xn||>_a>£P{|x|ia) 

for  every  a  ^  0  and  n  ^  1,  with  the  additional 
property  that  E| X|  <  « 

( C )  Xn ,  n>_1  sa  ti  s  fies  (CT)  condition. 

The  implication  (A)  ■*■>  (C)  was  observed  by  Taylor  and 
Daffer  [10,  p.97j  . 

Just  as  compact  sets  play  a  crucial  role  In  the  form 
of  uniform  tightness  in  extending  limit  theorems  on  the  real  line 
to  the  setting  of  separable  Banach  spaces,  It  Is  the  compact  convex 
sets  in  D£0,l]  that  play  a  crucial  role  in  the  setting  of  fl[0,lj- 
space.  We  denote  by  K  the  collection  of  all  subsets  K  of  D[0,ll 
such  that  K  and  co(K),  the  convex  hull  of  K,  are  relatively 
compact  in  the  Skorokhod  topology. 

In  Theorem  3.4  In  this  paper,  we  show  that  the  validity 
of  Weak  Law  of  Large  Numbers  pointwlse  is  equivalent  to  the  validity 


of  Weak  Law  of  Large  Numbers  in  the  norm  topology  if  the  sequence 
X„.  n>J  satisfies  ( C T )  condition.  This  result  generalizes 
Theorem  1  of  Taylor  and  Oaffer  [10,  p .  9  7]]  . 

Under  (CT)  condition,  we  establish  some  Strong  Laws 
of  Large  Numbers.  Va rci nk 1 ewi cz- Zygmund-Kol mogorov ' s  Strong 
Law  of  Large  Numbers  and  Brunk-Chung's  Strong  Law  of  Large  Numbers 
are  established  In  the  0[0,l]-  space  setting.  In  Section  3,  we 
also  obtain  an  analogue  of  Rohatgl’s  Strong  Law  of  Large  Numbers 
In  the  setting  of  D[0 ,  l] -space .  See  Rohatgi  £7,  Theorem  2,  p.306j. 

It  must  be  emphasized  that  from  the  Weak  and  Strong 
Laws  of  Large  Numbers  established  in  the  setting  of  P[’0,  V] -space , 
one  can  derive  corresponding  Weak  and  Strong  Laws  o*  Large  Numbers 
in  the  setting  of  separable  Banach  spaces.  If  the  random  elements 
take  values  In  a  complete  separable  subspace  of  D[0,ll,  for  example 
in  C[0,1]  ,  In  the  norm  topology,  then  uniform  tightness  of  the 
sequence  is  equivalent  to  uniform  convex  tightness. 
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2.  CONVERGENCE  IN.  D  [0  ,  1~ 

The  main  purpose  of  this  section  is  to  study  relationship 
between  pointwise  convergence,  convergence  in  the  Skorokhod  topology 
and  norm  convergence  of  sequences  In  D[0,l]  .  This  study  Is 
helpful  in  establishing  some  Weak  Law  of  Large  Numbers  In  D[0,1] 
using  pointwise  Weak  Law  of  Large  Numbers  for  sequences  of  random 
elements  in  D[0,1J.  The  results  established  In  this  section 
on  the  relationship  generalize  certain  results  In  the  literature 
proved  In  this  direction.  These  Improvements  will  be  pointed  out 
as  and  when  the  occasion  arises. 

Recall  that  K  Is  the  collection  of  all  relatively 
compact  subsets  of  D][0,1]  whose  convex  hulls  are  also  relatively 
compact  In  the  Skorokhod  topology.  The  following  definitions 
are  helpful  to  gain  a  good  understanding  of  sets  in  K  . 

(2.1)  For  any  H  c  D[0,1_1  and  x  in  D[0,f],  define 

*>  (H)  ■  Sup  |  x  £  s  >  -  x ( t )  |  . 

*  S.teH 

(2.2)  For  any  x  In  D[0,l]  and  0  _<  6  <_.V,  define 


w  (  6 )  *  Sup  *  ([t,  t  +  6])  . 

x  0  <t.<  1  - «  X 

(Modulus  of  continuity  of  x.) 

(2.3)  For  any  x  in  D[0,ll  and  0  <  6  <  1,  define 

w'(s)  «  Inf  max  m  (Tt  ,  t.)), 

x  (tj)  0<1<N  x  U'  1 

where  the  Inflmum  Is  taken  over  all  partitions 

0  «  t  <  t,  <  •••  <  tkl  *  1  of  DM]  satisfying 
oi  M 

t^  -  t^  ^  >  «  for  all  1  *  1,2, •••,!*. 

(2.4)  For  any  partition  0  »  tQ  <  t1  <  •••  <  tf<  »  1  of 
[0,11,  let  <ti_1,t1>  »  Ct^.-j  ,t^ )  for  i  «  !»?,••• 

and  <tfU1,tK>  -  ,tM3  • 

(2.5)  For  any  set  A  C  D[0,ll  and  e  >  0,  let 

S  (A)  «  (t  e  [0,1]  ;  sup  |  x  ( t )  -  x  ( t- 0 )  |  >  e)  . 
c  xe  A 

S  (A)  describes  jumps  of  functions  In  A. 

£ 

The  following  result  cha racterl zes  sets  in  K  . 

Theorem  2.1  The  following  statements  are  equivalent. 

(i)  K  e  K  . 

(11)  S e ( K )  is  finite  for  every  e  >  0. 
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( i i i )  For  every  e  >  0,  there  exists  a  partition  0 
t^  <  •••  <  t  =  1  of  [0,1]  such  that 


max  «  ([t.  .,t.))  < 
1 <  1  <N  x  i-1  1  - 


for  every  x  In  K . 


Proof .  This  result  Is  known.  Equivalence  of  (i)  and  (11)  Is 

proved  by  Daffer  and  Taylor  [  4,  Theorem  6,  p.92] .  Equivalence  of 

(i)  and  (111)  Is  proved  by  Daffer  £3  ,  Theorem  3.6,  p.50$].  We 

give  a  simple  proof  of  the  equivalence  of  (1)  and  (111)  exploiting 

the  compactness  property  of  [0,1].  The  implication  (ill)  *«»>  (1) 

easily  follows  from  the  equivalence  of  (1)  and  (11).  We  prove 

(1)  «»«>  (111).  Let  e >  0.  By  the  equivalence  of  (1)  and  (il), 

and  Lemma  7  of  Daffer  and  Taylor  [  4,  p.92],  for  every  t  In  [0,1], 

there  exist  t*  and  t”  in  [0,1]  such  that  t "  <  t  <  t '  , 

Sup  <*»  ([t,t'))  <  e  and  Sup  «_((t"1t))  <  c  .For  t  «  1, 

xeK  *  xeK  x 

we  note  that  Sup  «  ((l",f|)  <  c  .  Thus  we  have  {  [0 ,0 • ) , ( 1 " ,1] }  U 

xeK  *  “ 

{(t"»t')  ;  t  e  (0,1)}  as  an  open  cover  for  [0,1].  There  exists 
a  finite  sub-cover  {[0,0'),  (l".!])  U  {(r^.rp  ;  r.  e  (0,1)  , 

1  -  1  ,2 , •  •  ,m)  for  [0,1'j.  Let  tQ  -  0  and  t]  *  0*.  Then  we 


t,  ■  r!.  Otherwise,  let  t  ■  r  and  t.  *  r!.  Continuing  this 

2  i  2  i  oj 

way,  we  obtain  a  partition  0  ■  t  <  t^  <  •••  <  t^  ■  1  of  [0,1| 

such  that  max  ai  (Pt.  -  , t ^  ) )  <  c  for  every  x  in  K.  This 
1<1<N  x  1-1  1  _ 

completes  the  proof. 

It  Is  well  known  that  If  a  sequence  xn,  n^l  in  OfO.T] 

converges  to  an  element  xQ  In  D[0,1^  In  the  Skorokhod  topology, 

then  x  (t),  n>l  converges  to  x  (t)  for  every  t  which  Is 
n  —  o 

a  continuity  point  of  xQ .  If  xQ  is  continuous,  then  convergence 
In  the  Skorokhod  topology  Implies  convergence  In  the  norm  topology. 
See  Billingsley  £  1  » p .  1 1 2^)  .  It  Is  useful  to  find  some  conditions 
under  which  polntwlse  convergence,  convergence  In  the  Skorokhod 
topology  and  convergence  In  the  norm  topology  are  equivalent.  The 
following  results  attend  to  this  problem. 

Theorem  2.2  Let  a  subset  K  of  D[0,f]  have  the  following 
property . 

11m  Sup  w'(<5)  »  0. 

ij.fl  w_  V  X 


» 


» 


I 


» 


» 


» 


I 


> 


Let  xn,  n>_l  be  a  sequence  in  K  and  xq  in  D[0,1J  continuous 

Then  the  following  statements  are  equivalent. 

(1)  lim  xn(t)  “  x  (t)  for  every  t  in  S  for  some  dense 
n-»  0 

subset  S  of  [0,1]. 

( i 1 )  lim  d(x  ,  x  )  ■  0. 
n-®  n 

(HD  Hi"  I  1  *n  -  X0I  I  -  0. 

n— 

Proof.  We  need  to  prove  only  (1)  »«*>  (ill).  By  the  given 

hypothesis,  it  Is  obvious  that  lim  sup  u  { fO  »< ) )  *  0  and 

5-0  xeK  x 

lim  sup  <o  ([1-«,1])  *  0.  By  (i)  and  since  x  is  continuous, 

5-0  xcK  x  0 

It  follows  that 

lim  x  (0)  *  x  ( 0)  and  lim  x  (1)  ■  x  (1)  .  (2.6) 

n—  n  o  n—  n  0 

Let  g  >  0.  By  the  given  hypothesis,  there  exists  5  >  0  such  that 

( 6 )  <  g  fo r  every  x  In  K.  (2.7) 

Since  xQ  Is  uniformly  continuous,  there  exists  a  partition  0  =  t 
<  t.j  <  •••  <  t  *  1  of  [0,1]  such  that  |t,j  -  t^l  <_  «  for 
1  *  1,2, ••*,!«,  t2,***,tm-l  S  and 

“x  C  C* i . i  . 1 1 ) )  <  e  (2.8) 

for  every  1  «  l,2,***,m.  By  (i)  and  (2.6),  we  can  find  N  >  1 
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ft 


such  that 

I  %( V  ’  xo(t1)f  <  E  {2*9) 

for  every  1  »  0,li2,»««,m  whenever  n  >_  N.  Choose  and  fix  n  >_  N 

which  is  otherwise  arbitrary.  We  claim  that  for  every  1  *  0,l,»»»,m-l, 

there  exists  u^  in  [t^,t^+^  such  that 

«x  ( Hti  .u1 ) )  and  <i>x(£u^#t^^^J)^E  *  (2.10) 

n  n 

By  (2.7),  (i) '  (5)  <  e  .  There  exists  a  partition  0  ■  v  <  v.  <  ••• 

X  n  Os 


<  VP  - 

1 

of  [0,1] 

such  that 

V1  '  vi-l 

>  6 

for  every  1  «  1 ,2,** 

•  •  •  ,  m 

and 

^  )  )  <  £ 

for  every 

1  - 

l,2,»«*,m.  First, 

look  at 

the 

Interval 

• 

1 - » 

4-> 

• 

O 

1 - 1 

Since  t1  - 

lO  i 

6  and  vi  “  v0  *  6  • 

we  have 

C*. 

•*i3  c  [» 

o,v1).  Take 

“0  ■  V 

Thus 

(2.10)  Is 

satisfied  for  i  ■  0. 

Next,  look 

at  the  Interval 

rV^.  If 

^  1  •  ^  2^  C  rv0 » vi )  •  tak®  u1  »  t^.  If  [Jt^.tjJ  is  not  contained  in 
then 

[Vq.v,)..  V1  1  t2  -  v2*  In  th1s  case»  take  ui  *  V1  and  u2  ■  v 2 • 

In  any  case,  we  observe  that  (2.10)  is  satisfied  for  1  •  1. 
Continuing  this  way,  we  see  that  the  claim  is  justified.  By  (2.8), 
(2.9)  and  (2.10),  we  obtain 

“x  -x  <  2e  and  “x  -x  (  C«4  .ti  +  0  )  4  2e 

no  no1 


» 


» 


9 


9 


9 
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for  i  =  0 ,1  ,2  ,•  •  •  ,m-  1  ,  and 

lx  (t)  -  x  ( t )  I  <  4  e  whenever  t.  <  t  <  t  . 

'  n  o'  i  —  —  i+i 

for  i  *  0,1,2,...  ,m-l.  This  Implies  that  | | x n  -  xQ| |  <  4e  . 

This  last  inequality  is  valid  whenever  n  N.  Thus  we  have 

lim  ] I x  -  x  II  ■  0  as  desired, 
rv.® 

Remarks .  The  condition  on  K  in  the  above  theorem  figures  in 

a  characterization  of  relatively  compact  subsets  of  n[0,lj 

in  the  Skorokhod  topology.  More  precisely,  a  subset  K  of  0^0, V] 

is  relatively  compact  If  and  only  if  11m  sup  w'(fi)  *  0  and 

6-0  xeK  x 

sup  {  |  x  ]  |  <  ®  .  See  Billingsley  £  1,  Theorem  14.3,  p.H6]|. 

xe  K 

Using  similar  ideas  as  in  the  proof  of  the  above  theorem, 
one  can  prove  the  following  theorem. 

Theorem  2.3  Let  K  be  a  subset  of  D[0,lj  have  the  following 
property . 

1  im  sup  id'  (6  )  *  0. 

6-0  xcK  x 

Let  xn,  n>_1  be  a  sequence  in  K  and  xq  e  0[0,l]|.  Then 

11m  I  I x„  -  x„ I  I  »  0  If  and  only  If  lim  x  (t)  =  x  (t)  for  every 
no  _  n  o 

n— ®  n— ®  u 

1  1n  [o.ij. 
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Remarks  .  Daffer  [  3,  Theorem  3.1,p.504]  showed  the  equivalence 
of  convergence  in  the  Skorokhod  topology  and  convergence  in  the 
norm  topology  for  sequences  in  a  compact  convex  subset  of  D[0,l]. 
Theorem  2.3  above  shows  the  equivalence  of  norm  convergence 
and  pointwise  convergence  under  conditions  much  less  restrictive 
than  those  Imposed  by  Daffer.  However,  the  following  theorem 
generalizes  Theorem  3.1  of  Daffer  and  the  proof  offered  is  much 
simpler  than  that  offered  by  Daffer. 

Theorem  2.4  Let  K  e  K.  Let  x^,  n>J  be  a  sequence  in  K. 

Then  the  following  statements  are  equivalent. 

(I)  11m  x  (t)  «  x  (t)  for  every  t  In  S  for  some  dense 

-  n  o 

n 

subset  S  of  [0,1]  for  some  xq  in  D[0,l], 

(II)  11m  d( x  ,x  )  ■  0. 
n-*-» 

(ill)  1 im  | | x  -  x  1 |  ■  0. 
n-*-«  n 

Prop f .  The  implications  (111)  ■■■>  (11)  ■«»>  (i)  are  trivial. 

We  prove  (1)  ■■■>  (ill).  For  any  e  >  0 ,  by  Theorem  2.1,  there 

exists  a  partition  0  ■  tQ  <  ^  <  •••  <  tN ,  «  1  of  [o,l]  such  that 

max  w  ( < 1 1  i,t.>)  <  c  for  every  x  in  K 
1<1<N'  1 
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and  a  partition  0  =  sQ  <  s]  <  ...  <  sN„  *  1  of  [0,1]  such  that 

max  u  (<s .  ■.»$-•>)  <  e  , 

1<i<N"  x0  1-1  1 

following  the  notation  of  (2.4).  Putting  these  two  partitions 
together,  we  have  the  partition  0  a  uq  <  u^  <  ...  <  =  l  of 

[0,1]  such  that 


sup 

xcK  {  X()} 

max  u  (<u. 
1<1<N  x  1 

.1  .U^> )  <  c  . 

For 

each  i 

*  1,2,*..,N, 

choose  r.  in 

i 

S  such  that  u  <  r.  < 

i-l  i 

U1 

and  then 

choose  M  >  1 

such  that  whenever  n  >K ,  we  have 

max  | 
0<1<N 

X„(ri)  '  xo(rl 

)  1  <  c 

Thus 

,  when 

n  >  we  have 

I  I  X 

1  1  n 

x  | |  *  max 

sup 

tc<u1_1  ,  U  j  > 

|x„(t)  -  .,<,)! 

■  max 
1<1<N 

sup 

tc<u1-l »ui> 

I«„(t)  -  xn(rf) 

*  x„(r 

,)  -  xo(rf)  .  ,o(rf)  -  xo(t)| 

<  3c  . 


This  completes  the  proof. 
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3.  ON  STOCHASTIC  CONVERGENCE 

Let  Xn,  n>_l  be  a  sequence  of  random  elements  defined 

on  a  probability  space  (  n,  8,  P)  taking  values  In  D[0,1]  .  Let 

ank*  nl^  •  lf.k<n  be  a  triangular  array  of  real  numbers.  In  this 

section,  we  are  Interested  In  studying  the  convergence  of  the 
n 

sequence  z  a  .X.  ,  n> 1  of  weighted  sums  in  some  sense(e1ther 
k-1  nk  k 

in  probability,  or  In  p-th  mean  or  almost  surely  [P]  )  either 
in  the  Skorokhod  metric  d  or  in  the  uniform  norm  ||<||.  More 
specifically,  we  ask  whether  the  convergence  of 

n 

I  ankXk^*^t^*  n-1  t0  0 

for  every  t  in  some  dense  subset  S  of  [0,f]  in  some  sense 
would  force  the  convergence  of 

n 

z  a  .  X .  »  n>  1  to  0 

k*l  nk  K 

in  the  same  sense.  We  answer  this  question  In  this  section.  (Mote 
n 

that  i  a  X.(.)(t),  n> 1  is  a  sequence  of  real  random 
k *1  nk  k 

variables  for  every  t  In  [0,lj  .)  Had  D[0,l]  been  separable 
in  the  norm  topology  ||.j|  •  or  Frechet  space  in  the  Skorokhod 


■ 


9- 


topology,  many  of  the  classical  techniques  would  have  become 
applicable  to  derive  some  Weak  and  Strong  Laws  of  Large  Numbers 
in  •  In  separable  Banach  spaces,  for  the  validity  of 

certain  Weak  Law  of  Large  Numbers  analogous  to  those  available 
on  the  real  line,  a  crucial  condition  Imposed  In  the  literature 
is  "uniformly  compactly  r-th  order  i ntegrabi 1 1 ty"  of  the 
sequence  of  random  elements  under  discussion.  A  sequence  Xfl,  n>J 
of  random  elements  taking  values  in  a  separable  Banach  space  B 
is  said  to  be  uni  formly  compactly  r-th  order  1  ntegrabi e  (r>_0) 

If  for  every  c  >  0  there  exists  a  compact  subset  C  of  B 
such  that 


for  every  n>_l  .  See  Wang  and  Bhaskara  Rao  [l  2}  for  some  of  the 
ramifications  of  this  definition  and  the  attendant  limit  theorems 
See  also  Hof fmann- Jorgensen  and  Pisier  [5,  Theorem  2.4,  p.  592]  . 


In  Frechet  or  Banach  spaces,  closure  of  the  convex  hull  of  a 


compact  set  is  compact.  But  this  is  not  true  in  the  Skorokhod 
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topology  of  D[0,l]  .  See  Daffer  and  Taylor  Q  4,  p.9f].  In  order  • 

to  work  out  a  Weak  Law  of  Large  Numbers  In  D[0,f|  ,  a  condition 
similar  to  "uniformly  compactly  r-th  order  i ntegrabi 1 i ty"  is  • 

needed  to  be  imposed  on  the  sequence  X^,  n>_l  in  D[]0,f]  . 

Taylor  and  Daffer  [110,  p.99]  introduced  the  following  "(CT)  • 

condi tlon"  . 


A  sequence  Xn,  n^l  of  random  elements  In  D[]0,f| 
Is  said  to  satisfy  (CT)  condition  if  for  every  e  >0  there 
exists  a  compact  convex  subset  K  of  Dp),!]]  satisfying 


X 


{Xn  e  Cl 


I  I Xn| |  dP  <  c 


for  every  n>_l  .  Taylor  and  Daffer  [JO,  p.99]  observed  that 

if  X^,  n^l  Is  uni  form!  y  convex  tight  ,  i.e.,  for  every  e  >  0 

there  exists  a  compact  convex  subset  K  of  D[0,l]  such  that 

P{ X  e  KC)  <  e  for  every  n> 1  and  Sup  E | [ X  I  I ^  ® 

n  n>l  n 


for  some 


p  >  1,  then  Xn,  n>_l  satisfies  (CT)  condition.  One  of  the  goals 

of  this  section  Is  to  characterize  precisely  this  (CT)  condition. 

The  following  theorem  Implies  that  X  ,  n> 1  satisfies  (CT) 

n 


condition  if  and  only  if  X  ,  n>J  is  uniformly  convex  tight 


and  |  |  X  |  |  ,  n>_l  Is  uniformly  integrable. 

Theorem  3.1  Let  X  ,  n>l  be  a  sequence  of  0 To ,  1*1  -valued 
-  n  — 

random  elements  and  r>0.  Then  the  following  two  statements  (i) 

( i i )  are  equivalent. 

(i)  For  every  e  >  0,  there  exists  a  Borel  set  K  In  K 
such  that 

X  ! I  X  | | r  dP  <  c 

Kc 

for  every  n>J  . 

( i 1 ) ( a )  For  every  e  >  0,  there  exists  a  Borel  set  K  In  K 
such  that  P{  X^  c  K}  >_  1-e  for  every  n>l,  l.e.,  Xn,  n>_1 
is  uniformly  convex  tight. 

(b)  | | X  | | r,  n^l  Is  uniformly  Integrable. 

Proof.  Equivalence  of  (1)  and  (11)  Is  obvious  when  r  *  0.  Let 
r  >  0.  It  Is  not  hard  to  see  that  (11)  ■**>  (1)  and  (i)  *«»> 
(ii)(b).  We  prove  (1)  (11)(a).  By  (1),  for  every  e  »  0 

and  1  *  1,2,3, •••  ,  there  exists  a  Borel  set  K’  In  X  such  that 


J  c  I ! X  | | 1  dP  < 

U; )  n 

i 


for  every  n>l.  Let  K .  =  VJ  Kl  ,  i>l.  Then  K,,  e  K  .  See 

1  j«l  J 

of  [3j  . 

the  remarks  following  Theorem  2.6^  Let  Sq  *  D[^0,1]]  and  • 

(x  c  D[0,l]  ;  ]  |  x |  i  <_  T  / 1  >  for  i  ■  1,2,3,*»*  .  Then 


PUn  z  (K,  U  S <) 


,U  S.)c)  <  ir  S  || X  M r  dP  <  Ir(c/21*ir)  •  c/21 

1  1  "  (K1 U  S1)C  n 


for  every  n>J  and  1>J .  This  implies  that,  for  every  n>_l , 


P(X„  c  O  (K.  U  S,))  •  1  -  P{Xm  e  U  (K,U  S  )C 

n  1>1  1  1  n  1>1  1  1 


>  1  -  Z  P(Xn  e  (K  U  S.)C} 
1>1  11 


>  1  -  Z  e/21  »  1  -  e  . 


i>l 

Vie  show  that  B  ■  O  (K,U  S.)  z  K  .  Now,  ¥  «  /  \  ( K,  LJ  S . )  Q 

1^1  11  ii1 

O  (TTTUSi),  after  observing  that  S.  ■  {x  c  0[0,lj  ;  ||x||  <  1/i} 
i>l  1 

*  {x  e  D[0,l]  ;  d(x,  o)  <_  1  / 1  >  and  consequently,  that  Sj  is 

closed  in  the  Skorokhod  topology.  The  set  O  (T7  U  S.)  is 

i>.l 

compact  since  it  is  closed  and  totally  bounded  in  the  d-metric. 


This  implies  that  B  is  relatively  compact.  We  show  that  for  any 
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e  >  0,  S e ( B )  is  finite.  Observe  that,  since  SQ  D  S1  O  ••• 

and  K] c  K2  c  K3  c  • • •  , 


B  «  O  (K,  U  S ,  ) 
1  >  1  1 


{o>  u  ( u  (sin  sj+1n  k1+1)) 

i  >  o 


For  any  e  >  0, 


S  (B)  -  {t  e[0,l]  ;  Sup  1  x(  t)  -  x(t-0)  |  >  e) 


xe  B 
.  c 


[2/e] 

*  S.(H  {Sin  suin  W> 


[2/0  , 

C 


)  . 


where  [2/c~|  is  the  largest  integer  <_  2/e 


Since  K j  t  K  for 


i  •  1,2,3,...  ,  by  Theorem  2.1,  S£(K^)  Is  finite.  Hence  S^fB) 

is  finite.  By  Theorem  2.1,  Be  K.  This  completes  the  proof. 


Now,  we  concentrate  on  proving  some  taws  of  Large  Numbers. 
To  do  this,  we  resort  to  the  classical  truncation  technique  by 
truncating  the  random  elements  to  a  set  K  in  K.  The  following 
result  is  useful  in  this  connection. 

Theorem  3.2  Let  X^,  n>_l  be  a  sequence  of  d£0,1"J  -valued 

random  elements  such  that  P{Xn  e  K)  »  1  for  every  n>_1  ,  for 
Borel  set 

some^K  in  k.  Let  an(c»  l^k<_n,  n^l  be  a  triangular  array  of 
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n 

real  numbers  such  that  z  |  a n ^ f  <_  r  for  all  n>l  for  some 

k»1  ~ 


positive  constant  r.  Then 


n 

z  a  .X.  ,  n>l  converges  to  0  In  probability 

ii  nk  K  —  • 


(In  r-th  mean) (a.e. [p]  ) 


i  f  and  only  if 
n 

Z  a  kX|C(*)(t),  n>]  converges  to  0  In  probability 
k*l 

(In  r-th  mean)  (a.e.  [P]  ) 


for  every  t  In  S  for  some  dense  subset  S  of  [0,1]  • 


Proof.  Me  need  to  prove  the  "If  part"  only.  For  any  c  >  0,  by 

N 

Theorem  2.1,  there  exists  a  partition  T  ■  (t.)  of  [0,1] 

1  1-0 

such  that  max  »  ( [t1  ,,t.,))  <  e/r  for  every  x  In  K. 
1<1<N  x  1 

Choose  s ^  ,  S2t  ,  sfl  In  S  such  that  t^_^  <_  s^  <  t^  for 


each  1  «  1,2,*«*,N.  Then  |x(t)  -  x  ( s  ^ )  |  _<  c/r  whenever 
t  e  <tj_j,tj>  and  x  e  K.  Let  Yj  :  D[0,l]  -*•  D[0,l]  be  defined  by 


N 

YT(x)(t)  »  Z  x ( s  j  )  I  t  t  (t),  0  <  t  < 1  . 

Then  for  every  «  In  n  , 


II  I  ankXkU)N  i  II  *  ank(XkU)  -  YT(X  (a*)  ) )  I  J 
k-1  nk  k-1  nk  K  K 


+  II  l  “  fcW^HI 

k-1  nk  1  K 


n 

<  e  +  max  |  z  a  X.(u)(s.)|. 
1  <  1  <N  k-1  nk  K  1 


In  the  above  chain  of  Inequalities,  we  have  used  the  information 


that  PCX  e  K}  -  1  for  every  n>l  and  the  fact  that 
n  — 


|  |  x  -  Y ^ ( x )  |  |  <_  c/r  for  every  x  in  K.  The  desired  conclusion 


now  easily  follows  from  the  above  chain  of  inequalities. 


Corollary  3.3  (Taylor  and  Daffer  [10,  Theorem  3,  p.102])  Let 


K  be  a  compact  convex  subset  of  D[Otll.  Let  X  ,  n>l  be  a 

n  — 

1 ndependent 

sequence  of^random  elements  with  EXn  *  0  and  P{Xn  e  K}  ■  1 


for  every  n>_l  .  Let  ap^,  l<_k<_n,  n>_l  be  a  triangular  array  of 

n 

real  numbers  satisfying  Z  | a  |  <  r  for  every  n>l  for  some 

k-1  nk  ” 

positive  constant  r  and  max  lankl  *  0(n“a)  as  n  -*•  «  for 

l£k<^n 

some  a  >  0.  Then 


n 

I  |  I  a  X.  |  |  ,  n>l  converges  to  0  a.e.  [p]  . 
k-1  nk  K 


Proof .  By  Theorem  2  of  Rohatgi  [  7, p  J3 0 6^]  ,  the  sequence  of 

n 

T  a  .Xk(»)(t),  n>_l  converges  to  0  a.e. 


random  variables 
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for  every  t  in  [0,1]  .  Now,  an  application  of  Theorem  3.2  • 

completes  the  proof. 


Now  we  prove  a  general  result  from  which  some  Weak  Laws 
of  Large  Numbers  can  be  derived. 


Theorem  3.4  Let  X^,  n>_l  be  a  sequence  of  random  elements 

taking  values  In  0[0,l]  satisfying  either  (1)  or  (11)  of 

Theorem  3.1  for  r  *  1.  Let  ank  *  1  ^k^n,  n>_l  be  a  triangular 

n 

array  of  real  numbers  satisfying  l  |a  . |  <  r  for  every  n>l 

k-l  nK  “ 

for  some  positive  constant  r  .  In  the  following  statements,  then 
(1)  ■■■»  (iv)  »»■>  (111)  •  *»>  (11). 


(D 


n 

ank^Xk^’^t^  ’  EXk(«)(t)),  n>_l  converges  to  0 
In  probability  for  every  t  In  S  for  some  dense 


(11) 


(ill) 

(Iv) 


subset  of  [0,1]  . 

n  n 

^  ank^k*  ^  8-kEX.  )t 

k-l  nK  *  k-l  nk  * 

In  probability. 

n  n 


converges  to 


E  d(  r 
k-l 
n 


E|  1  r 


k-l 


a  nk 


Z  a„tEX.),  n>l  converges 
k-l  nK  K 

E  X  k  )  M  ,  n  >_1  converges  to  0. 


0 


to 


0. 


L 
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i 


i. 


Proof.  First,  we  prove  (1)  ■■■>  (iv).Let  e  >0.  By  (i)  of 


Theorem  3.1,  choose  K  In  K  such  that 


Ell*n  ‘(Xn  c  k')'1  ‘  E/12r 

for  every  n> 1 .  As  in  the  proof  of  Theorem  3.2,  we  can  choose 

s1 ,  s  £  *  •  **t  sN  in  S  and  the  operator  built  on  s  ^ ,  S2»**,» 


sN  such  that 


Sup  | | x  -  Y,(x) | |  <  e/6r 
xcK 


We  note  that 
n 


ank(Xk  -  EXkHI  i  »„k<Xk  -  W 

+  e||  r  *nk(YT(xk)_  VExk))M 


♦  E||  S  a  .(Y_(EX.)  -  EX., 

ka]  nk  T  K  K 

We  show  that  each  of  the  expressions  on  the  right  hand  side  of 


(3.1 ) 


the  above  inequality  can  be  made  <  e/3  for  all  large  n.  Consider 


i  a_,(X 


k*l 


„k(xk  -  rT«xk)||  <  e|M  ank(xk  i{Xk  ,  K}  -  vT(xk  i{XkCK) 


)) 


+  E*  'fcf,  ankXk  !(Xk  e  Kc>M 

+  EM  "  WXk  ^  c  Kc))M 


k*l 


> 
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-  1  I  an|J  SUP  II  X  *  Yt(x)I  I 

k».l  nK  xeK  T 

+  2  .l«.jE||Xk  I,v  . 


k  {  Xk  e  K  } 


<e/6  +  e/6  »  e/3 


(3.2) 


In  the  above  chain  of  Inequalities,  we  have  used  the  fact  that 
I  I  Y j ( x )  I  I  <.  I  I  x I  I  f°r  every  x  in  DfO.l]  .  Now,  consider 


tx,  *"k*MEXk*  *  Exk' 


i  llkE,  ‘„k'YT<E*k'{,ktK,)  -  E«k',*ktK)>M 

*  "j,  >nk(yT(EXk,(Xk«k'}>  * 

E!'kI,xkCxc)>H 

i  kE,l>nkHI’,T<EXk,(XkcK,>  *  EV(xk<x;> 

*  2  j^nk1  E|  1  XkItXkeK=jl  I 
‘  j,1*.*1  E||Yy‘xk,(xl[.io>  -  xkI,xk«x,!l 

+  e/6 


«  • 

1  r  I  a  .  |  sup  |  |  y  ( x )  -  x 1 1  +  e, 
k»l  nK  xeK  ' 


<  e/6  +  e/6 


In  the  chain  of  inequalities  above,  we  have  used  the  fact  that 


(3.3) 


Yt(EX)  -  EYt(X)  for  any  random  element  with  E 


<  *  .  Next, 


we  use  the  hypothesis  on  the  pointwise  convergence  in  probability. 


I 


i 

1 
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For  any  t  in  £0,1]  and  n^l  , 

I  I  ank(Xk(*)(t)  ’  EX|c(*)(t))|<  !  |«nkl  (MXJI  +  E||Xk||). 

n 

This  implies  that  the  sequence  I  ant,(  X.  (• )  ( t)  -  EX.(»)(t))«  n>l 

k-1  nK  k  K 

is  uniformly  integrable  for  every  t  in  £0,l][  .  Hence  It  follows 
that  this  sequence  converges  in  mean  to  0,  i.e., 

n 

E|  E  ank^Xk^*^t^  "  *  "i1  converges  to  0 

for  every  t  in  S.  We  can  find  NQ  >_  1  such  that 

E|  E  ank(xk<* ) “  EXk (- ) (S1 ) |  <  e/3N 
for  all  1  *  1,2,«..*,N  whenever  n  >_  NQ.  Consequently,  we  have 

£N  j,  ank(YI(Xk>  *  VEXk»N 

N  n 

<  I  E|  Z  «Bfc(Xk(*)(s.)  -  EX.(»)(s,))|  <  c/3  (3.4) 

i»l  k«l  nK  *  1  K  1 

whenever  n  >.  Nq.  Finally,  (3.1),  (3.2),  (3.3)  and  (3.4)  yield 
n 

E^kI1  ank^Xk  "  EXk^^  *  c  whenever  n  >_  N0. 

This  completes  the  proof.  ( 1  v )  ■■■>  (HI)  follows  from  d(x,y)  <_ 

I  I  x  -  y  |  |  for  all  x,y  In  d£o,1]  . 

Remarks .  (1)  Taylor  and  Daffer  £10,  Theorem  1,  p.97]]  proved  the 
implication  (i)  **«>  (11)  under  the  additional  assumption  that 
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the  set  S  is  the  set  of  all  dyadic  nationals  In  [0,1]  . 

(2)  As  has  been  remarked  by  Taylor  and  Oaffer  £l0,  p.99], 

n 

(11)  »■*>  (1)  If  the  sequence  l  a  .EX. ,  n>l  converges  In 

k-1  nk  k  “ 

Skorokhod  topology.  In  that  case,  we  have  (1),  (11),  (111)  and 
( 1 v )  of  Theorem  3.4  above  are  all  equivalent. 

(3)  Theorem  3,  Corollary  4  and  Theorem  5  of  Daffer 
and  Taylor  [  4tp,  90- 9 T]  are  special  cases  of  the  above  result. 

See  also  Theorem  1,  Theorem  2  and  Corollary  of  Taylor  and 
Oaffer  [  9, p.412-415]  . 

(4)  In  the  discussion  following  Theorem  2  of  Taylor 

and  Daffer  [[  9,  p.415^,  It  Is  argued  that 

n 

| | ( 1 / n )  r  X.  -  EX  | |  ,  n  >1  converges  to  0 
k«l  *  1 

in  probability  under  the  additional  assumption  that  EX1  is 
continuous.  According  to  Theorem  3.4,  this  assumption  Is  not 

n 

necessary.  We  have  the  stronger  conclusion  that  E||(l/n)  i  X.  -EX. | [ 

k»l  K  1  > 

n>J  converges  to  0. 


As  has  been  mentioned  In  the  Introductory  remarks  for 


Theorem  3.4,  Theorem  3.4  Is  useful  in  deriving  some  Weak  Law  of 


Large  Numbers.  We  give  a  sample  Weak  Law  of  Large  Numbers  below. 


Theorem  3.5  Let  Xn,  n>.1  be  a  sequence  of  pairwise  independent 

random  elements  in  D[o,f)  satisfying  either  (i)  or  (ii)  of 
for  r  »  1 . 

Theorem  3.1^  Let  a^,  n^l  be  3  triangular  array  of  real 

n 


numbers  satisfying 
positive  constant 

11m  E 
n 


E  U„i,  I  <  r  for  every 
k*l  nK  ~ 

r  and  max  |a  ,  |  ,  n>l 
l<k<n  nk 

II j,  -  E*k)ll  ■  0- 


nsj  for  some 
converges  to 


0.  Then 


Proof .  By  Theorem  3.4  above,  it  Is  enough  to  show  that  for  any 
n 

t  In  [0,1]],  a  „  k  (  X^(  • )( t)  -  EXk(*)(t)),  n>]l  converges  to  0 

In  probability.  For  a  given  e  >  0  and  «  >  0,  choose  a  Borel 
set  K  in  such  that 

E||Xn  1 { xn  c  Kc)l(  <eS/8r 

for  all  n>_l .  Choose  N  1  such  that 

max  i a  . |  <  «e2/8e2r 
l<k<n  nK 

for  every  n  >N ,  where  e  «  Sup  ||x||  .We  observe  that  if  n  >  N 

xeK  ~ 


P(|  E  a  (X  (.)(t)  -  EX.  (*)(t)m  < 


(*)(t)!>e/2) 


P(|  t.  »nkUk(-)(t)  I 


k-1 


(X.  c  -  EV>lt>  *(Xk  t  K) 


*  PtlkI„ank<V-><t>  ',XkEl<C)(-)(t)  '  EXk<-l<t)  '(XkeKC)(-)(,)l  >e/2’ 

<  (4/,2)  t  a  | 2 Var( Xk(* )( t)  I .  „(-)(t)) 

K  V.  *  C  K.  J 

*  (4/t)j)|.„kl  E|Xk(.)(t)  I(Xk  .  Kc}(-)(t)| 

<  (4/c2)  max  |a  |  r  |a  |  (Sup  ||x||)2 

l<k<n  nk  k«1  nlc  xeK 

+  (4/e)  !ank«  ENXk  !{Xk  e  Kc)M 

<  (4/c2)(6c2/8e2r)re2  ♦  (4/e)r (6e/8r )  -  6/2  +6/2*5  . 


This  completes  the  proof. 


Remark  Taylor  and  Daffer  [l  0  »  Theorem  2,  p.lOO]  established 

the  conclusion  of  the  above  theorem  under  the  much  stronger 

condition  that  max  |  a  _ .  |  *  0(n“°)  as  n  -+  *>  for  some  a  >  0 
l<k<n  nK 

and  EXfc  ■  0  for  every  n^l .  This  Theorem  2  of  Taylor  and  Daffer 
Is  thus  a  special  case  of  the  above  theorem. 


Now,  we  establish  some  Strong  Law  of  Large  Numbers.  Our 
main  goal  Is  to  seek  analogues  of  Marclnklewi cz-Zygmund-Kolmogorov ' s 
and  Brunk-Chung' s  Strong  Laws  of  Large  Numbers  for  D[0,fj  -valued 


i 
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random  elements.  (See  Chung  [_2  ,  p.125^  for  a  proof  of  Ma rc i nk i ewi cz 
Zygmund-Kol mogoro v 1 s  Strong  Law  of  Large  Numbers.  For  a  proof  of 
Brunk-Chung '  s  Strong  Law  of  Large  Numbers,  see  Chung  [2  ,p.  348j  .) 
The  following  result  gives  the  desired  analogues.  This  result 
generalizes  Theorem  1  of  Daffer  and  Taylor  £4  ,  p.88j  . 


Theorem  3.6  Let  Xn,  n>J  be  a  sequence  of  Independent  0[0,lj  - 

for  r  =  1  . 

valued  random  elements  satisfying  either  (i)  or  (ii)  of  Theorem  3.1 


(a)  If  1 < p< 2  and  r  E||X.||P/jp  <  -  ,  then 

j>  1  J 
n 

I ! ( 1 / n )  1  (X  -  EXk)| | ,  n^l  converges  to  0  a.e.  [P]  . 
k-1  * 


(b)  If  p>  2  and  Z  E | | X . ( [ P/ j 1 +p/2  <  -  .then 

j>.l  i 

n 

|  |  ( 1  / n )  r  (X.  -  EX)}  I  •  n>1  converges  to  0  a.e.  [>J  • 
k-1  K  k 


Proof,  (a)  For  a  given  e  >  0,  choose  a  Borel  set  K  in  < 
such  that  E | | X _  Ifw  „c. | |  <  e/4. for  every  n>l.  As  in  the 

"IXpEl'J  — 

proof  of  Theorem  3.2,  we  can  choose  s^,  s^,  ,  s^  in  [0,lj 

and  build  a  linear  operator  Y^  :  D[0,l[]  D Lo •  "Q  such  that 

Sup  ! | x  -  Y  ( x )  | j  <  e/4  (3.5) 

xeK  t 


Then 
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! I (l/n)  l  (X 
k*1  k 


-  EX.  Ir„  .  „,)|| 


-  E  Xk )  I  I  -  II  (1/n\^  (Xk  !(Xk  e  K)  "  tAk  *  ( Xk  e  K> 
+  I  1  {1/n)k^Xk  !{Xk  c  KC}I  I 
-  IIO/nJ^EXfc  I{Xk  £  Kc}|| 


n 

I 

k  =  1 


i  1|{1/n)r.(Xk  !(X,  e  R)  -  “k  !{Xt  .  K}  >  I  I 


+  (l/n)  Z  (| | XL  I/v  _  kc}I I"  E! I ^  If“  -vC 


) 


t  ]  k  {  X  ^  e 


+  (Z/n\l^'\  r{Xk  e  KC } 


k  *{XkeKM 
(3.6) 


We  show  that  the  first  term  on  the  left  hand  side  of  the  above 
Inequality  Is  <  c/2  as  n  -*•  «  a.e.  [P]  ,  the  second  term  converges 

to  0  a.e.  [Pj  and  the  third  term  Is,  obviously  <  e/2.  Using  (3.5), 

we  obtain 


1  [  (1/n)kI,1(Xk  ‘uk  t  <)  •  "k  '(Xk  c  K)>ll 

i  U  0/n)  '(Xk  <  K,  '  \<\  ',,k  .  K,  >IU 

*  ll(,/">j/EXk  >{Xk  c  K)  '  >,Xk  .  H»H 

*  lld/»)jl(*T(xk  i(Xk  t  K}U  rT(  EXk  i<Xk  ,  Ef  ))l  I 


-  e/2  +  I  I  (1/n)^^  (YT(Xk  I{x^  £  Kj)  -  Yj(Exk  !{xk  E  K)^H 


The  last  term  on  the  left  hand  side  of  the  above  Inequality  Is 


equal  to 

N  n 

iIi|(l/n)kI,(Xk(.,(s,)  I.Xk  (  „{•><»,) 

-  Exk'-><s,>  >{Xk  «  ««•>«•.»! 

which,  by  Marclnklewlcz-Zygmund-Kolmogorov's  Strong  Law  of  Large 
Numbers,  converges  to  0  a.e.  [P]  as  n  -*•  -  .  Consequently, 

ll^sup  lin/n)J)(Xk  I(Xk  ,  K1  -  Exk  I,xk  e  It,)  II 

£  e/2  a.e.  [P]  • 

Again,  by  Marcl nkl ewl cz-Zygmund- Kol mogorov ' s  Strong  Law  of  Large 
Numbers,  we  have 


'<Xk  e  X)'l  -  E"Xk  '{Xk  ,  X, 
converges  to  0  a.e.  [P]  . 

Thus,  (3.6),  (3.7)  and  (3.8)  yield 


,  n  >  1 


11m  sup  |  |  (1/n)  z  (X.  -  EX. 


<  e 


>.e.  [>]  . 


n-*"»  k-1  " 

Since  e  Is  arbitrary,  we  have  the  desired  result.  Proof  of  (b) 


Is  similar  to  that  of  (a)  and  Is  omitted. 


Remarks  Daffer  and  Taylor  £4,  Theorem  1,  p.88j  established 
the  conclusion  of  the  above  theorem  under  the  assumptions  that 
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for  some  r> 1 . 


Xn's  are  independent,  uniformly  convex  tight  and  Sup  E||Xn||r  <  • , 
In  fact,  they  established  the  weaker  conclusion  that  the  almost 
sure  convergence  takes  place  In  the  Skorokhod  topology.  This  result 
is  a  special  case  of  the  above  theorem. 


Using  the  argument  presented  In  the  proof  of  Theorem  3.6  * 

above,  one  can  obtain  the  DfO,l|]  space  version  of  Rohatgi's 
Theorem  2  [  7,  p.306j  as  reported  below.  This  version  generalizes  • 

Theorem  4  of  Taylor  and  Daffer  [lo,  p.  1023  . 

Theorem  3.7  Let  Xfl,  n_>l  be  a  sequence  of  D[0,1]  -  valued 

random  elements  uniformly  convex  tight  and  uniformly  dominated 

by  a  non-negative  real  random  variable  Y  with  EYr  <  »  for  ® 

some  r  >  1.  Let  an|c»  n>_l  be  a  triangular  array  of  real 

n 

numbers  satisfying  r  ja  .  i  <  r  for  every  n>l  for  some  * 

k-1  nk  “ 

positive  constant  r  and  max  |a  |  *  0(n"s)  as  n  -*•  » 

l<k<n  nk 

for  some  0  <  (1/s)  <_  r-1.  • 

and  X  ,  n>J  Is  Independent,  then 

llj,  »„k'XK  -  Exk>ll  •  0  ».e.  m  . 


(a)  If  0  <  s  <  1 

1 1  m 
n-*-« 
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(b)  If  s  >  1  and  X  ,  n>l  is  pairwise  Independent,  then 


Hm  !  1  i  a  (X  -  EX.  )|  |  -  0  a.e.  [P]  . 

n—  k  *  1  nK  r  K 


Remark  For  separable  3anach  space  valued  version  of  the  above 


theorem,  see  Wang  and  Bhaskara  Rao  [12,  Theorem  4.2]. 


Now,  we  establish  an  analogue  of  Jamison,  Orey  and 


Pruitt's  Strong  Law  of  Large  Numbers  in  D[0,l]  space.  See  [  6  , 


Theorem  3,  p.42],  Let  a  ,  n>l  be  a  sequence  of  positive  numbers 


n 

and  A  «  E  a4,  n>l  with  11m  max  (a. /A  )  *  0.  Let  N(n)  ■ 
1»1  n-*®  l<1<_n  n 

card{1  >_  1;  (A^/a^)  <.  n)  ,  n  1 . 


Theorem  3.8  Let  X  ,  n>_l  be  a  sequence  of  pairwise  Independent 


identically  distributed  D[0,l]  -valued  random  elements.  If 


(a)  N(n)/n  <  r  for  every  n>]  for  some  positive  constant  r 


and  E| | X1 | |  <  -, 


or 


(b)  sup  | a  n |  <  •  and  E | { |  |  log+||X^||  <  •  holds,  then 
n>  1 

11m  ||  r  (a1/An)Xi  -  EX, | |  - 

n-»«  1«1 


0  a.c.  I?]. 


» 
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Proof.  One  can  prove  this  result  using  the  argument  given  In  the  ■ 

proof  of  Theorem  7.3.2  of  [8]  and  combining  It  with  the  argument 
given  In  the  proof  of  Theorem  4  of  Wang  and  Bhaskara  Pao  [if]. 

Remarks  The  above  result  generalizes  Theorem  7.3.2  of  Taylor  [8]. 

§ 

» 

K 

» 

» 

» 
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